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The Bell’s experiment is a random game with two binary outcomes whose statistical correlation
is given by E0(Θ) = − cos(Θ), where Θ ∈ [−pi, pi) is an angular input that parameterizes the
game setting. E0(Θ) belongs to the affine space H ≡ {E(Θ)} of all continuous and differentiable
functions E(Θ) that obey the parity symmetry constraints E(−Θ) = E(Θ) and E(pi−Θ) = −E(Θ)
with E(0) = −1 and are strictly monotonic in the interval [0, pi). Here we show how to build an
explicitly local statistical model of hidden variables for a random game with two binary outcomes
whose correlation is given by a function E(Θ) within the space H. This family of games includes
as a particular case the Bell’s experiment. Within this family of games the Bell’s inequality can
be violated beyond the Tsirelson’s bound up to the maximally allowed algebraic value. In fact, we
show that the amount of violation of the Bell’s inequality is a purely geometric feature.
In the Bell’s experiment a source emits pairs of par-
ticles whose polarizations are arranged in an entangled
state [1, 2]:
|ΨΦ〉 = 1√
2
(
| ↑〉(A) | ↓〉(B) − eiΦ | ↓〉(A) | ↑〉(B)
)
, (1)
where {| ↑〉, | ↓〉}(A,B) are eigenstates of Pauli operators
σ
(A,B)
Z along locally defined Z-axes for each one of the two
particles. The two emitted particles travel off the source
in opposite directions towards two widely separated de-
tectors, which test their polarizations. The orientation of
each one of the detectors can be freely and independently
set along any arbitrary direction in the XY-plane perpen-
dicular to the locally defined Z-axis. Upon detection each
particle causes a binary response of its detector, either
+1 or −1. Thus, each detected pair of entangled parti-
cles produces an outcome in the space of possible events
{(−1,−1), (−1,+1), (+1,−1), (+1,+1)}. Moreover, for
certain relative orientations of the two detectors their
outcomes are fully anti-correlated, that is, each detected
pair produces either (+1,−1) or (−1,+1). In general,
the statistical correlation between the outcomes of the
two detectors in a long sequence of realizations of the
experiment is a number E0(Θ) in the interval [−1,+1],
where Θ is the relative angle between the orientations of
the two detectors defined with respect to a reference set-
ting at which the outcomes of the two detectors are fully
anticorrelated E0(Θ = 0) = −1.
By definition, the correlation function E0(Θ) is thus a
periodic function of the relative angle Θ with a period of
2pi. Quantum mechanics predicts that the correlation is
given by:
E0(Θ) ≡ − cos(Θ). (2)
It can be then shown that the following inequality holds
for any set of values (Θ1,Θ2, δ) ∈ (R mod [−pi, pi))3 [3]:
|FE0(Θ1,Θ2, δ)| ≤ 2
√
2, (3)
with
FE(Θ1,Θ2, δ) ≡ E(Θ1)+E(Θ2)+E(Θ1−δ)−E(Θ2−δ).
Indeed, the bound (3) - known as Tsirelson’s bound - is
saturated for certain values of the parameters. For exam-
ple, |FE0(+pi4 ,−pi4 ,+pi2 )| = 1√2 + 1√2 + 1√2−(− 1√2 ) = 2
√
2.
This bound is thought to be a very characteristic fea-
ture of the quantum theory [4] associated to some funda-
mental physical principle, e.g. the so-called information
causality principle [5], which would explain why quan-
tum correlations go only up to the Tsirelson bound, 2
√
2,
and not beyond it to the algebraically possible maximum
value of 4. Here we explore this question from a purely
geometric perspective.
First, we shall show that any function E(Θ) that fulfills
the symmetry constraints:
E(Θ = 0) = −1, (4)
E(−Θ) = E(Θ), (5)
E(±pi ∓Θ) = −E(Θ), (6)
and it is everywhere continuous and differentiable and,
moreover,
E′(Θ) > 0, ∀ Θ ∈ [0, pi/2], (7)
fulfills the constraint
|FE(Θ1,Θ2, δ)| ≤
∣∣∣FE(+pi
4
,−pi
4
,+
pi
2
)
∣∣∣ = 4 |E(pi/4)| .
(8)
In particular, for the correlation function (2) we have
E0(pi/4) = − cos(pi/4) = −1/
√
2 and, hence, from (8) we
obtain the Tsirelson’s bound (3). Thus, we see that the
amount of violation of the Bell’s inequality is directly re-
lated to the statistical correlation between the outcomes
of the two detectors when they are oriented at a relative
angle Θ = pi/4.
In order to prove the generalized constraint (8) we no-
tice that FE(Θ1,Θ2, δ) is a periodic continuous and dif-
ferentiable function and, therefore, it is bounded from
above and below and, furthermore, it reaches its extrema.
At this extremal points the following conditions must be
fulfilled:
E′(Θ1) + E′(Θ1 − δ) = 0,
E′(Θ2)− E′(Θ2 − δ) = 0,
E′(Θ1 − δ)− E′(Θ2 − δ) = 0,
2which imply,
−E′(Θ1) = E′(Θ2) = E′(Θ1 − δ) = E′(Θ2 − δ). (9)
This constraint is fulfilled only at
Θ1 = ±pi
4
, Θ2 = ∓pi
4
, δ = ±pi
2
. (10)
We shall now show how to build an explicitly local
statistical model of hidden variables with two binary out-
comes whose correlation is described by any desired cor-
relation function E(Θ) within the space H defined by
the constraints (4-7). This family of random games show
that the Bell’s inequality may be violated beyond the
Tsirelson’s bound up to the maximally allowed algebraic
value without requiring any violation of locality.
We shall proceed as follows. First, we notice that cos-
traints (4-7) imply that the correlation function E(Θ)
is continuous and monotonically increasing in the inter-
val [0, pi], with E(0) = −1 and E(pi) = +1 and, hence,
there exists a unique function χ(E) defined in the interval
[−1,+1], such that
χ(E(Θ)) = Θ, ∀Θ ∈ [0, pi]. (11)
The function χ(E) is continuous and differentiable.
We now consider a continuous infinite set of possible
hidden configurations distributed over a unit circle S.
Each one of the detectors defines a set of coordinates
over the unit circle, which we shall label, respectively, as
λA ∈ [−pi,+pi) and λB ∈ [−pi,+pi). Since the two sets
of coordinates parameterize the same space of possible
configurations there must exist a transformation law that
relates them:
λB = −L(λA; Θ), (12)
which may depend parameterically on the angle Θ be-
tween the two detectors, measured with respect to the
reference setting Θ = 0 at which their outcomes are fully
anti-correlated (that is, E(Θ = 0) = −1). We define the
transformation law as follows:
• If Θ ∈ [0, pi),
L(λ; Θ) =

q(λ−Θ) · χ (−E(Θ)− E(λ) + 1) ,
if − pi ≤ λ < Θ− pi,
q(λ−Θ) · χ (E(Θ) + E(λ) + 1) ,
if Θ− pi ≤ λ < 0,
q(λ−Θ) · χ (E(Θ)− E(λ)− 1) ,
if 0 ≤ λ < Θ,
q(λ−Θ) · χ (−E(Θ) + E(λ)− 1) ,
if Θ ≤ λ < +pi,
(13)
• If Θ ∈ [−pi, 0),
L(λ; Θ) =

q(λ−Θ) · χ (−E(Θ) + E(λ) + 1) ,
if − pi ≤ λ < Θ,
q(λ−Θ) · χ (E(Θ)− E(λ) + 1) ,
if Θ ≤ λ < 0,
q(λ−Θ) · χ (E(Θ) + E(λ)− 1) ,
if 0 ≤ λ < Θ + pi,
q(λ−Θ) · χ (−E(Θ)− E(λ)− 1) ,
if Θ + pi ≤ λ < +pi,
(14)
with
q(λ−Θ) = sign((λ−Θ)mod([−pi, pi))).
In Fig. 2 the transformation L(λ; Θ) is graphically shown
for the particular case Θ = pi/3 when: a) E(Θ) =
− cos(Θ) and b) E(Θ) = .
It is straightforward to check that the transformation
law (13,14) fulfills the differential relationship
|dE(λB)| = |dE(λA)| , (15)
and, hence,
dλB · |E′(λB)| = dλA · |E′(λA)| . (16)
Therefore, if we define the (density of ) probability of
each configuration to happen in every single realization
as
ρ(λ) =
1
4
|E′(λ)| , (17)
so that∫ pi
−pi
dλ ρ(λ) = 2
∫ pi
0
dλ ρ(λ) =
1
2
∫ pi
0
dλE′(λ) = 1 (18)
and we have from eq. (16) that
dλB · ρ(λB) = dλA · ρ(λA), (19)
which states that, as required, the probability does not
change under a coordinate transfromation.
Finally, we define the response function of the detectors
as
sA = τ(λA), sB = τ(λB), (20)
with
τ(λ) =
{
+1, if λ ∈ [0,+pi),
−1, if λ ∈ [−pi, 0). (21)
Thus, the binary outcomes of the two detectors define a
partition of the phase space S of all the possible hidden
configurations into four coarse subsets,
(sA = +1; sB = +1)⇐⇒ λA ∈ [0,Θ)
(sA = +1; sB = −1)⇐⇒ λA ∈ [Θ, pi)
(sA = −1; sB = +1)⇐⇒ λA ∈ [Θ− pi, 0)
(sA = −1; sB = −1)⇐⇒ λA ∈ [−pi,Θ− pi),
3where we have assumed without any loss of generality
that Θ ∈ [0, pi). Each one of these four coarse subsets
happen with a probability given by:
p (+1,+1) =
∫ Θ
0
ρ(λA) dλA =
1
4 (1 + E(Θ)) ,
p (+1,−1) = ∫ pi
Θ
ρ(λA) dλA =
1
4 (1− E(Θ)) ,
p (−1,+1) = ∫ 0
Θ−pi ρ(λA) dλA =
1
4 (1− E(Θ)) ,
p (−1,−1) = ∫ Θ−pi−pi ρ(λA) dλA = 14 (1 + E(Θ)) .
It is then straightforward to notice that the model repro-
duces the desired correlation function:
p (+1,+1)− p (+1,−1)− p (−1,+1) + p (−1,−1) =
= E(Θ).
The random games discussed in this paper are explictly
local in the most strict sense of the term. Nonetheless,
within this family the amount of violation of the Bell’s
inequality is not constrained by the Tsirelson’s bound
and can indeed reach the maximally allowed algebraic
value. In fact, we have shown that this amount is a purely
geometric feature. Therefore, if the Tsirelson’s bound on
this amount is indeed a fundamental feature of Nature
its origin should be explored from a purely geometric
perspective.
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